The Chaotic Properties of the Shift Map and His Conjugacy of Horseshoe Map by Kamel , Farah Watan & AL-Shara’a, Iftichar M. T.
Journal of University of Babylon for Pure and Applied Sciences, Vol. (27), No. (6): 2019 
 
 
© Journal of University of Babylon for Pure and Applied Sciences (JUBPAS) by University of Babylon is licensed under a Creative 
Commons Attribution 4. 0 International License, 2019. 
 
212 
 
The Chaotic Properties of the Shift Map and His 
Conjugacy of Horseshoe Map    
Farah Watan Kamel  
Department of Mathematics, College of Education for Pure Sciences, University of 
Babylon, Babylon, Iraq. 
Farahwatan2@gmail.com 
Iftichar M. T. AL - Shara’a 
Department of Mathematics, College of Education for Pure Sciences, University of 
Babylon, Babylon, Iraq. 
ifticharalshraa@gmail.com 
 
 
 
 
Abstract 
In our study, we prove some chaotic properties of the shift map 𝜎 on the symbol space ∑2 and 
apply the topological conjugacy property of the shift map on the horseshoe map. 
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1-Introduction 
           Chaotic dynamics generally refers to so complicated and seemingly random 
long term behavior exhibited in dynamical systems that keep simple, straightforward, 
deterministic laws . This type of dynamics can be seen in dynamical systems as 
various as electrical circuits, fluid dynamics, oscillating chemical reactions, and 
motion of planetary bodies . 
The smale horseshoe map F is diffeomorphism defined on a square 𝑇 in the plane . 
The image of F(𝑇) is bound to form a horseshoe like shape [1]. From the axioms that 
map which are topologically conjugate are totally equivalent in terms of their 
dynamics . Particularly, the horseshoe map is topologically conjugate to the shift map 
𝜎 . Hence the shift map is an exact model for the horseshoe map . 
          Let X be a compact metric space with no isolated point, ℋ: X → X be a map . In 
[2], Dzul-kifli and Good showed that the set of points with prime period at least 𝑛 it is 
dense for each 𝑛 if ℋ is Devaney chaotic. In [3] Baloush and Dzul-kifli introduced 
six various one-step shift of finite type which have totally different dynamics 
demeanor and clear up the dynamics of each space . [4] showed that Locally 
Everywhere Onto implies many other chaos properties such as mixing , totally 
transitive ,and blending. 
 
2. Preliminaries 
If ℋ: X → X be a map on compact metric space with no isolated point, let p ∈
X then ℋ(p) = the first iterate of p for ℋ. More generally ,if n is any an integer , and 
an is the n-th iterate of p for ℋ , then ℋ(an) is the (n + 1)
 st iterate of p for ℋ. The 
orbit of p it is the set of points p, ℋ(p), ℋ2(p), ….  ,   and is symbolize by orb(p) =
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 {ℋn(p)|n ∈ N°} such that N° = N ∪ {0} . A point p ∈ X it is said a fixed point of ℋ 
if ℋ(p) = p , ℋ is said to be  topologically transitive if ∃ n > 0 such that ℋn(U) ∩
V ≠ ∅  , where U, V are any two non-empty open subsets of X . If ∃ δ > 0 for this any 
x ∈ X and neighborhood  N of x , ∃ y ∈ N and n > 0 where  d(ℋn(x), ℋn(y)) > δ, 
then ℋ has sensitive dependence on initial conditions, briefly , we will write (SDIC). 
If for every pair non-empty open subsets U and V in X , there are a positive integer n 
such that  ℋk(U) ∩ V ≠ ∅  for every k > n , then we called that ℋ is topological 
mixing . If for any pair of non-empty open sets U and V in X , there exists some n > 0 
such that ℋn(U) ∩ ℋn(V) ≠ ∅ , then we called that ℋ is  weakly blending, , and 
called strongly blending, if for any pair of non-empty open sets U and V in X , there 
exists some n > 0 where ℋn(U) ∩ ℋn(v) contains a non-empty open subset. ℋ is 
said to be locally everywhere onto if for every open set 𝑈 of 𝑋 , there exists a positive 
integer 𝑛 such that ℋ𝑛(𝑈) = 𝑋 ,[4] . Let ℋ: 𝐴 → 𝐴 and ℒ: 𝐵 → 𝐵 be two continuous 
map , if there exists a homeomorphism ℎ: 𝐴 → 𝐵 such that ℎ°ℋ = ℒ°ℎ then ℋ and ℒ 
are called a topologically conjugate . The homeomorphism ℎ is said to be topological 
conjugacy between ℋ and ℒ . [5] 
3. On Various Concepts for Topological Dynamical Systems   
The set 𝐴𝑚 = {0,1} . we indicate to  𝐴𝑚 as an alphabet and its elements as a 
symbols . Let ∑2 (∑2
+) be the set of each bi-infinite sequences (1-sided sequences) 
with their elements of ∑2 (∑2
+)  ,i.e. every element 𝒮  of  ∑2  (∑2
+) is of the form : 
 𝒮 = {… , 𝒮−𝑖, … , 𝒮−1, 𝒮0, 𝒮1, … , 𝒮𝑖 , … } ,      𝒮𝑖 ∈   𝐴𝑚, or  𝒮 = {𝒮0, 𝒮1, … , 𝒮𝑛, … } ,   𝒮𝑖 ∈
  𝐴𝑚 .  
Now take another sequence  ?̅?  ∈ ∑2 , ?̅? = {… ,  ?̅?−𝑖, … ,  ?̅?−1,  ?̅?0,  ?̅?1, … ,  ?̅?𝑖, … }  ,  ?̅?𝑖 ∈
  𝐴𝑚 ,   
or   ?̅? = { ?̅?0,  ?̅?1, … ,  ?̅?𝑛, … } ,       ?̅?𝑖 ∈   𝐴𝑚 . The metric between 𝒮 and  ?̅? is defined as   
          𝑑(𝒮, 𝒮̅) = ∑
1
2|𝑖|
   ∞
𝑖=−∞    ,    where 𝑖 ∈ ℤ is the minimal number such that 𝒮𝑖 ≠ 𝒮?̅?  
In case of bi-infinite sequences , or  
                   𝑑(𝒮, 𝒮̅) = ∑
1
2𝑖
   ∞
𝑖=0    ,    where 𝑖 ∈ ℕ is the minimal number such that 𝒮𝑖 ≠
𝒮?̅?  
 In case of 1-sided sequences . [6 ] 
Definition 3.1 : 
A shift of finite type (SFT) is a shift space Χ ⊂ ∑2 which has a finite number 
of blocks from symbols 0 and 1 such that the blocks do not exist in any element of Χ . 
The blocks are called forbidden blocks in Χ . [3] 
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Definition 3.2 : 
A shift of finite type (SFT) is an 𝑀 −step or have memory 𝑀 , for some 
integer 𝑀 ≥ 1 , if it can be described by a set of forbidden blocks that have length 
𝑀 + 1 . [3] 
Since we have four possible various blocks of length two i.e. 00,01,10 and 11 , 
then we have 16 sets of forbidden blocks, as shown in the table(1);  
Table(1) 
For each 𝒊 = {𝟏, 𝟐, … , 𝟏𝟔}, 𝚾𝒊 ⊆ ∑𝟐 is the one-step SFT with set of forbidden 
blocks 𝓕𝒊 . [3] 
 
ℱ1 = ∅ ℱ2 = {00} ℱ3 = {01} ℱ4 = {10} 
ℱ5 = {11} ℱ6 = {00,01} ℱ7 = {00,10} ℱ8 = {00,11} 
ℱ9 = {01,10} ℱ10 = {01,11} ℱ11 = {10,11} ℱ12 = {00,01,10} 
ℱ13 = {00,01,11} ℱ14 = {00,10,11} ℱ15 = {01,10,11} ℱ16 = {00,01,10,11} 
                                                               
4. Some Properties of the Shift Map 
 In this section we introduce the some results on shift of finite type space          
  
Theorem 4.1 
          Let the one-step SFT Χ𝑖 , 𝑖 = {6,11,12,15} is finite set then 𝜎: Χ𝑖 → Χ𝑖  is 
stable         
 Proof : 
If Χ𝑖 = Χ6  such that the forbidden is ℱ6 = {00,01} since for every 𝒮 ∈
Χ6  ,  𝒮𝑖 ≠ 0 for every 𝑖 ∈ ℕ , so  𝒮𝑖 = 1 for every 𝑖 ∈ ℕ , so  𝒮𝑖 = {111̅̅ ̅̅ ̅} therefore Χ6 
is singleton set , so 𝜎 has the fixed point  {111̅̅ ̅̅ ̅} , and the basin of the fixed point is 
Χ6 , so 𝜎 is stable . 
            In the same way Χ11 = {000̅̅ ̅̅ ̅} , Χ12 = {111̅̅ ̅̅ ̅} , Χ15 = {000̅̅ ̅̅ ̅} .                               ■ 
 Theorem 4.2 : 
           Let the one-step SFT Χ𝑖  , 𝑖 = {3,4} is infinite set then 𝜎: Χ𝑖 → Χ𝑖 , 𝑖 = {3,4}  is 
stable .  Proof : 
                     For every Χ𝑖  , 𝑖 = {3,4} the forbidden of Χ𝑖   , 𝑖 = {3,4} is ℱ3 = {01} and ℱ4 =
{10} , so Χ𝑖   , 𝑖 = {3,4} has two fixed point and do not have any periodic point 
therefore the periodic point are not dense . Now let 𝕌 = {000̅̅ ̅̅ ̅}, 𝕍 = {111̅̅ ̅̅ ̅} two open 
balls belong to Χ𝑖  , 𝑖 = {3,4} then for any 𝒮 ∈ 𝕌 𝜎
𝑛(𝒮) ∉ 𝕍 for all integer 𝑛 . So 
Χ𝑖  , 𝑖 = {3,4} is not transitive and not Deveaney chaotic . Now if take the same open 
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balls 𝕌 and 𝕍 such that 𝜎𝑛(𝕌) ∩ 𝜎𝑛(𝕍) = ∅ for any integer 𝑛 therefore Χ𝑖   , 𝑖 =
{3,4} is not weakly blending . To prove Χ𝑖  , 𝑖 = {3,4} is not SDIC let 𝒮 = {00̅̅̅̅ } and 
𝒯 = {100̅̅̅̅ } then 𝑑(𝒮, 𝒯) = 1 , 𝜎𝑛(𝒮) = {00̅̅̅̅ } and 𝜎𝑛(𝒯) = {00̅̅̅̅ }  so 
𝑑(𝜎𝑛(𝒮), 𝜎𝑛(𝒯)) = 0 . Hence Χ𝑖  , 𝑖 = {3,4} is not SDIC .                    ■ 
Theorem 4.3 : 
Let the one-step SFT Χ𝑖 , 𝑖 = {7,9} is finite set on discrete topology then 
𝜎: Χ𝑖 → Χ𝑖 , 𝑖 = {7,9} have a weakness chaotic . 
           Proof : 
If Χ𝑖 = Χ7 and Χ7 = {111̅̅ ̅̅ ̅, 0111̅̅ ̅̅ ̅} there are only four open balls are 
Χ7, ∅, (111̅̅ ̅̅ ̅) 𝑎𝑛𝑑 (0111̅̅ ̅̅ ̅) . Because 𝜎(111̅̅ ̅̅ ̅) ∩ 𝜎(0111̅̅ ̅̅ ̅) = (111̅̅ ̅̅ ̅)  so Χ7 is strongly 
blending and weakly blending . Since (0111̅̅ ̅̅ ̅) dose not contain any periodic point 
then the periodic points is not dense. Χ7 is not transitive because (0111̅̅ ̅̅ ̅) ∉ 𝜎
𝑛(111̅̅ ̅̅ ̅) 
for all integer 𝑛 . Now let 𝒮 = (011̅̅̅̅ ) and 𝒯 = (11̅̅̅̅ ) then 𝑑(𝒮, 𝒯) = 1 ,  𝜎𝑛(𝒮) =
(11̅̅̅̅ )  ,  𝜎𝑛(𝒯) = (11̅̅̅̅ ) so 𝑑( 𝜎𝑛(𝒮),  𝜎𝑛(𝒯)) = 0 , therefore ∄ 𝛿 > 0 such that 
𝑑(𝜎𝑛(𝒮), 𝜎𝑛(𝒯)) > 𝛿 , therefore Χ7 is not SDIC . 
If Χ𝑖 = Χ9 and Χ9 = {00̅̅̅̅ , 11̅̅̅̅ } there are four open balls in Χ9 are 
Χ9, ∅, (00̅̅̅̅ ), 𝑎𝑛𝑑 (11̅̅̅̅ ) . The periodic points of Χ9 are dense since every point of Χ9 is 
periodic . to prove it is not transitive , so that let 𝕌 = (00̅̅̅̅ ) and , 𝕍 = (11̅̅̅̅ ) , then 
𝜎𝑛( 𝕌) = (00̅̅̅̅ ) , and 𝜎𝑛( 𝕌) ∩ 𝕍 = ∅, for all 𝑛 > 0 . Now let 𝛿 = 1, and let  𝒮 =
(00̅̅̅̅ ), 𝒯 = (11̅̅̅̅ ) . So for each 𝑛 > 0 , 𝜎𝑛(𝒮) = 𝒮 , 𝜎𝑛(𝒯) = 𝒯 , and 
𝑑(𝜎𝑛(𝒮), 𝜎𝑛(𝒯)) ≥ 1 , therefore Χ9 is SDIC .To prove Χ9 is not weakly blending and 
not strongly blending , let 𝕌 = (00̅̅̅̅ ) and , 𝕍 = (11̅̅̅̅ ). Since 𝜎𝑛( 𝕌) = 𝕌 and 𝜎𝑛(𝕍) =
 𝕍 , then 𝜎𝑛( 𝕌) ∩ 𝜎𝑛( 𝕍 ) = ∅ , for all 𝑛 > 0 .                     ■ 
Theorem 4.4 : 
The one-step SFT Χ8 on discrete topology then 𝜎: Χ8 → Χ8 has Devaney 
chaotic . 
            Proof:  
Since Χ8 = {01̅̅̅̅ , 10̅̅̅̅ } so it has the only open balls Χ8, ∅, (01̅̅̅̅ )𝑎𝑛𝑑 (10̅̅̅̅ ). The 
periodic points of Χ8 are dense since every point is periodic point . Now let 𝕌 = (01̅̅̅̅ ) 
and , 𝕍 = (10̅̅̅̅ ). So for 𝑛 > 0 , it is either 𝜎𝑛( 𝕌) = 𝕌 or 𝜎𝑛( 𝕌) = 𝕍 . If 𝜎𝑛( 𝕌) = 𝕌  
then 𝜎𝑛+1( 𝕌) = 𝕍, and  𝜎𝑛+1( 𝕌) ∩ 𝕍 ≠ ∅, and if 𝜎𝑛( 𝕌) = 𝕍 , then 𝜎𝑛( 𝕌) ∩ 𝕍 ≠
∅ . therefore Χ8 is transitive , so that 𝜎 has Devaney chaotic.                     ■ 
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Remark 4.1:  If Χ8 on any another topology then it is stable .  
Theorem 4.5 : 
The one-step SFT Χ2 is infinite set then 𝜎: Χ2 → Χ2 has Devaney chaotic, and 
mixing topological, totally transitive, locally everywhere onto, weakly blending and 
strongly blending. 
Proof:  
          To prove that the periodic points of Χ2 are dense , let 𝜖 > 0 and 𝒮 =
(𝒮0𝒮1𝒮2 … ) ∈ Χ2. Choose 𝑛 such that 
1
2𝑛
< 𝜖 , now let 𝒯 = (𝒯0𝒯1𝒯2 … ) be another 
point such that 𝒮𝑖 = 𝒯𝑖  for 𝑖 = 0,1,2, … , 𝑛 . Then 𝑑(𝒮, 𝒯) <
1
2𝑛
 , therefore the set of 
periodic point to be dense in Χ2 we need to structure a periodic point within 𝜖 of 𝒮 . 
Let 𝒯 = (𝒮0𝒮1𝒮2 … 𝒮𝑛1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) it is obvious that 𝒯 is periodic point within 𝜖 of 𝒮. So the 
periodic point are dense in Χ2 . 
 To show that Χ2 is locally everywhere onto let 𝕌 be nonempty open ball in Χ2 
such that 𝒮 = (𝒮0𝒮1𝒮2 … 𝒮𝑛 … ) ∈ 𝕌 , then we have two statuses ; status 1: if 𝒮𝑛 = 1, 
because (10) and (11) are allowed , then 𝜎𝑛( 𝕌) = Χ2 . Status 2: if 𝒮𝑛 = 0 , because 
(00) is forbidden then ∀ 𝒮 ∈ 𝕌 , 𝒮𝑛+1 = 1 therefore 𝜎
𝑛+1( 𝕌) = Χ2 . because for 
every open set 𝒮 ⊆ Χ2 there exists a positive integer 𝑛 such that 𝜎
𝑛( 𝕌) = Χ2 , so that 
Χ2 is locally everywhere onto . 
 Since Χ2 is locally everywhere onto , therefore it is transitive , topological 
mixing , totally transitive , weakly blending and strongly blending . And since Χ2 has 
dense of periodic point and transitive , then it is SDIC, therefore Χ2 is Devaney 
chaotic .                      ■ 
5. The Horseshoe Map  
The horseshoe map will be denoted by F. Its domain is the set 𝑆 in ℝ2 
collected of the unit square 𝑇 = [0,1] × [0,1] , bounded on the left and right by 
semicircles 𝐵 and 𝐸 such that 𝑆 contains its boundary . The map F shrinks 𝑆 vertically 
by a factor of 𝑎 < 1 3⁄  , and expands 𝑆 horizontally by a factor of 𝑏 = 3 . The result 
figure is folded by F therefore it fits again inside 𝑆 , with only the semicircles popeyed 
to the left of 𝑇. Thus the range of F looks like a horseshoe when 𝑆 is partitioned . We 
can see the effect of F on each member of the partition . Specifically, F sends 
semicircles 𝐵 and 𝐸 in to 𝐵 and sends the square 𝑇 into two strips inside 𝑇 plus a 
curved strip inside 𝐸 . [7] 
The base interest in the horseshoe map F is to describe its dynamics on the 
attractor : 
Λ = {Χ ∈ 𝑇 ∶ F𝑛(Χ) ∈ 𝑇  , ∀  𝑛 ∈ ℤ} 
To make our task easier , we first consider the set 
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                                                Λ+ = {Χ ∶ F𝑛(Χ) ∈ 𝑇  , ∀  𝑛 ∈ ℤ+} 
For the positive orbit of Χ , 𝑜𝑟𝑏+(Χ) . To be in 𝑇 , Χ must belong to either 𝑉0 or 𝑉1 . 
Now if  F𝑛(Χ) ∈ 𝑇  , then obviously F𝑛(Χ) ∈ 𝑉0 ∪ 𝑉1 or Χ ∈ 𝐹
−1(𝑉0) ∪ 𝐹
−1(𝑉1) . 
Now if deduce that Λ+ is the product of a cantor set with a vertical interval . 
Next we take the set  
                                             Λ− = {Χ ∶ F𝑛(Χ) ∈ 𝑇  , ∀  𝑛 ∈ ℤ−}  
For the negative orbit of Χ ,  𝑜𝑟𝑏−(Χ) . To be in 𝑇 , Χ must belong to either 𝐸0 =
𝐹(𝑉0) or 𝐸1 = 𝐹(𝑉1) . Now if 𝐹
−1(Χ) ∈ 𝐸0 ∪ 𝐸1 , therefore Χ ∈ 𝐹(𝐸0) ∪ 𝐹(𝐸1) , (see 
Fig (1)) . [8] 
 
 
 𝐸1 
 
                                                    𝐸0 
 
                                                                       𝑉0                𝑉1 
                                                                         Figure (1) 
6. Applications of topological conjugacy  
Now , we define the topological conjugacy map ℎ ∶   ∑2 → Λ is defined as 
follows :  
For 𝒮 ∈ ∑2 we let 
ℎ(𝒮) = {𝒮0𝒮2𝒮1 … } ,       where           𝒮𝑛 = {
Η𝑛(𝒮) ∈ 𝑉0         𝒮𝑛 = 0  ,        𝑛 ∈ ℤ
+
Η𝑛(𝒮) ∈ 𝑉1            𝒮𝑛 = 1  ,       𝑛 ∈  ℤ
+ 
  
ℎ(𝒮) = {… 𝒮−3𝒮−2𝒮−1} ,  where           𝒮𝑛 = {
Η𝑛(𝒮) ∈ 𝐸0         𝒮𝑛 = 0  ,        𝑛 ∈ ℤ
−
Η𝑛(𝒮) ∈ 𝐸1            𝒮𝑛 = 1  ,       𝑛 ∈ ℤ
−  
  
Theorem 6.1 : 
Let  ℎ ∶   ∑2 → Λ be a map , then ℎ is a homeomorphism . 
Proof : 
 To prove that ℎ is one-to-one . Let 𝒮 and 𝒯 are in ∑2 , and ℎ(𝒮) = ℎ(𝒯) , then  
ℎ(𝒮)(ℎ−1(𝒮))  and ℎ(𝒯) (ℎ−1(𝒯)) lie on the same vertical ( horizontal) line in 𝑇 , 
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such that thy have the same forward (backward) sequence . Therefore 𝒮 = 𝒯 , so that 
ℎ is one-to-one . 
 To prove that ℎ is onto , let 𝐽𝑛 = {𝑉 𝑖𝑛  𝐶0 ∪ 𝐶1  ∶  ℎ(𝒮0𝒮1𝒮2 … ) = 𝑉}  and 
𝐽−𝑛 = {𝑉 𝑖𝑛  𝐶0 ∪ 𝐶1  ∶  ℎ(… 𝒮−3𝒮−2𝒮−1) = 𝑉} then 𝐽𝑛 and 𝐽−𝑛 are closed for all 𝑛 . 
Because ⋂ 𝐽𝑛𝑛≥0  is a single vertical line and  ⋂ 𝐽𝑛𝑛<0  is single horizontal line in 𝑇 . It 
follows that ⋂ 𝐽𝑛−∞<𝑛<∞  is a unique point 𝑉
⃰  . By construction , ℎ(𝒮) = 𝑉 ⃰ such that 
𝒮 = ⋯ 𝒮−3𝒮−2𝒮−1, 𝒮0𝒮2𝒮1 … , in ∑2 for all 𝑛 . so that ℎ is onto . 
 Therefore we need only to show that ℎ and  ℎ−1 are continuous , let 𝒮 =
⋯ 𝒮−2𝒮−1, 𝒮0𝒮1𝒮2 …  and 𝒯 = ⋯ 𝒯−2𝒯−1, 𝒯0𝒯1𝒯2 …  be in ∑2 , with ℎ(𝒮) = 𝑉 and 
ℎ(𝒯) = 𝑊 , if 𝑑(𝒮, 𝒯) = ‖𝒮 − 𝒯‖ = ∑
|𝒮𝑘−𝒯𝑘|
2|𝑘|
∞
|𝑘|=𝑛+1 ≤
1
2𝑛−1
  , then  𝒮𝑘 = 𝒯𝑘 for 𝑘 =
0,1,2, … , 𝑛 , then 𝑉 and 𝑊 lie in the same vertical strip of width 1 3𝑛+1⁄  , so that 
‖𝑉 − 𝑊‖ < 1 3𝑛+1⁄  . similarly , 𝒮𝑘 = 𝒯𝑘  for 𝑘 = −1, −2, … , −𝑛 ,which means that 
𝑉 and 𝑊 lie in the same horizontal strip at the 𝑛th stage . So that there is a 𝛿1 > 0 
such that ‖𝑉 − 𝑊‖ < 𝛿1 . Now choose 𝛿 > 0 such that 𝛿 <
1
3𝑛+1⁄  and 𝛿 < 𝛿1 it 
follows that 𝑑(𝑉, 𝑊) = ‖𝑉 − 𝑊‖ < 𝛿 . consequently ℎ is continuous . The proof that 
ℎ−1 is continuous follows by a similar argument .          ■ 
Proposition 6.2 [9] 
1. 𝑑 is a metric on ∑2 . 
2. If 𝒮𝑖 = 𝒯𝑖 for 𝑖 = 0, … , 𝑘 , then 𝑑[𝒮, 𝒯] ≤ 1 2
𝑘⁄  . 
3. If 𝑑[𝒮, 𝒯] < 1 2𝑘⁄  then 𝒮𝑖 = 𝒯𝑖 for 𝑖 ≤ 𝑘 .  
Theorem 6.3 : 
Let 𝐼1 = 𝑉0 ∩ 𝐸0 , 𝐼2 = 𝑉1 ∩ 𝐸0 , 𝐼3 = 𝑉0 ∩ 𝐸1 and 𝐼4 = 𝑉1 ∩ 𝐸1 , Then ⋃ 𝐼𝑗
4
𝑗=1  
is closed and invariant under ℎ. 
Proof : 
 It is clear ℎ(𝐼𝑗) ⊂ 𝐼𝑗    , 𝑗 = 1,2,3,4 so ⋃ 𝐼𝑗
4
𝑗=1  is invariant . To prove that 
⋃ 𝐼𝑗
4
𝑗=1  is closed, we need prove that each 𝐼𝑗    , 𝑗 = 1,2,3,4 is closed , we suppose that 
𝒮 ∈ 𝐼𝑗    , 𝑗 = 1,2,3,4  such that  𝒮 =  𝒮0 𝒮1 𝒮2 … ,  𝒮𝑖 ∈ {0,1} for every 𝑖 ∈ ℕ which 
converge to 𝒯. Let 𝒯 ∉ 𝐼𝑗    , 𝑗 = 1,2,3,4 . Since the 𝒮 converge to 𝒯, there is another 
integer 𝑘 such that , if 𝑖 > 𝑘  then 𝑑(𝒮, 𝒯) ≤ 1 2𝛼+1⁄ . By Proposition [4.3] , this 
forces 𝒯0, 𝒯1, … , 𝒯𝛼+1 to agree with the corresponding entries of 𝒮𝑖 for 𝑖 ≥ 𝑘 , so that 
𝒯𝛼 ∈ {0,1} and 𝒯 ∈ 𝐼𝑗    , 𝑗 = 1,2,3,4 , so ⋃ 𝐼𝑗
4
𝑗=1  is closed .                       ■ 
Proposition 6.4 :  The ℎ(Χ1) is located in ⋃ 𝐼𝑗
4
𝑗=1  . 
 Proof: since Χ1 dose not have any forbidden block , then ℎ(Χ1) is located in 
⋃ 𝐼𝑗
4
𝑗=1  . 
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Proposition 6.5 : The ℎ(Χ2) is located in 𝐼2 ∪ 𝐼3 ∪ 𝐼4 . 
 Proof: Let  𝒮 ∈ Χ2 such that for every 𝑖 ∈ ℤ , 𝒮𝑖 = 0 , since {00} is forbidden 
block, but 10 is allowed therefore  𝒮𝑖−1 = 1 . and if  𝒮𝑖 = 1 then  𝒮𝑖−1 = 1 𝑜𝑟 0 since 
11 and 01 are allowed , so that ℎ(Χ2) ∉ 𝐼1 , then ℎ(Χ2) is located in 𝐼2 ∪ 𝐼3 ∪ 𝐼4 . 
Proposition 6.6 : The ℎ(Χ3) is located in 𝐼1 ∪ 𝐼3 ∪ 𝐼4 . 
Proof: Let 𝒮 ∈ Χ3 such that for every  𝒮𝑖 = 1 then   𝒮𝑖−1 = 1 for every 𝑖 ∈ ℤ 
since 01 are forbidden , and if  𝒮𝑖 = 0 then  𝒮𝑖−1 = 0 𝑜𝑟 1 since 00 and 10 are allowed 
, therefore ℎ(Χ3) ∉  𝐼2 and ℎ(Χ3) is located in 𝐼1 ∪ 𝐼3 ∪ 𝐼4 . 
Proposition 6.7 :  The ℎ(Χ4) is located in 𝐼1 ∪ 𝐼2 ∪ 𝐼4 . 
Proof: Let 𝒮 ∈ Χ4 such that for every  𝒮𝑖 = 0 then   𝒮𝑖−1 = 0 for every 𝑖 ∈ ℤ 
since 10 are forbidden , and if  𝒮𝑖 = 1 then  𝒮𝑖−1 = 0 𝑜𝑟 1 since 00 and 01 are 
allowed, therefore ℎ(Χ4) ∉ 𝐼3 so ℎ(Χ4) is located in 𝐼1 ∪ 𝐼2 ∪ 𝐼4 . 
Proposition 6.8 : The ℎ(Χ5) is located in 𝐼1 ∪ 𝐼2 ∪ 𝐼3 . 
Proof: Since the only forbidden block is {11} so that 01,10 and 00 are allowed 
, therefore for every 𝒮 ∈ Χ5,if  𝒮𝑖 = 1 then  𝒮𝑖−1 = 0 , 𝑖 ∈ ℤ , therefore ℎ(Χ5) ∉  𝐼4 so 
ℎ(Χ5) is located in 𝐼1 ∪ 𝐼2 ∪ 𝐼3  
Proposition 6.9 : The ℎ(Χ6) is located in 𝐼4 . 
 Proof: since the forbidden block of Χ6 is {00,01} then for every 𝒮 ∈ Χ6 ,  𝒮𝑖 ≠
0 for every 𝑖 ∈ ℕ . since 11 is allowed then  𝒮𝑖 = 1 for every 𝑖 ∈ ℤ , therefore ℎ(Χ6)  
∉ 𝐼1 ∪ 𝐼2 ∪ 𝐼3 and ℎ(Χ6) is located in 𝐼4 .   
Proposition 6.10 : The ℎ(Χ7) is located in 𝐼2 ∪ 𝐼4 . 
Proof: Since Χ7 has two forbidden block {00}and {10} then there is 𝒮𝑖 = 1 
and  𝒮𝑖−1 = 0 𝑜𝑟 1 , 𝑖 ∈ ℤ  such that Χ7 = {111̅̅ ̅̅ ̅, 0111̅̅ ̅̅ ̅} so that  ℎ(Χ7) ∉ 𝐼1 ∪ 𝐼3 and 
ℎ(Χ7) is located in 𝐼2 ∪ 𝐼4 .  
Proposition 6.11 : The ℎ(Χ8) is located in 𝐼2 ∪ 𝐼3 . 
 Proof: let 𝒮 ∈ Χ8 such that for every  𝒮𝑖 = 1 then  𝒮𝑖−1 = 0 and if  𝒮𝑖 = 0 then 
 𝒮𝑖−1 = 1 , 𝑖 ∈ ℤ  , since {00} and {11} are forbidden block , so that ℎ(Χ8) ∉ 𝐼1 ∪ 𝐼4 
and ℎ(Χ8) is located in 𝐼2 ∪ 𝐼3 . 
Proposition 6.12 : The ℎ(Χ9) is located in 𝐼1 ∪ 𝐼4 . 
 Proof: since Χ9 has two forbidden block {01}and {10} then let 𝒮 ∈ Χ9 such 
that for every 𝑖 ∈ ℤ  if   𝒮𝑖 = 1  than  𝒮𝑖−1 = 1  and if   𝒮𝑖 = 0 then  𝒮𝑖−1 = 0 , so that 
ℎ(Χ9) ∉ 𝐼2 ∪ 𝐼3  and ℎ(Χ9) is located in 𝐼1 ∪ 𝐼4 . 
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Proposition 6.13 : The ℎ(Χ10) is located in 𝐼1 ∪ 𝐼3 . 
 Proof: since Χ10 has two forbidden block {01}and {11} then let 𝒮 ∈ Χ10 such 
that for every 𝑖 ∈ ℤ  if   𝒮𝑖 = 1  than  𝒮𝑖−1 = 0 𝑜𝑟 1 such that Χ10 = {000̅̅ ̅̅ ̅, 1000̅̅ ̅̅ ̅} , so 
ℎ(Χ10) ∉ 𝐼2 ∪ 𝐼4 and ℎ(Χ10) is located in 𝐼1 ∪ 𝐼3 . 
Proposition 6.14 : The ℎ(Χ11) is located in 𝐼1 . 
 Proof: since the forbidden block of Χ11 is {10} and {11} then for every 𝑖 ∈ ℤ  
let 𝒮 ∈ Χ11 ,  𝒮𝑖 ≠ 1 . since 00 is allowed then  𝒮𝑖 = 0 for every 𝑖 ∈ ℤ , therefore 
ℎ(Χ11)  ∉ 𝐼2 ∪ 𝐼3 ∪ 𝐼4 and  ℎ(Χ11) is located in 𝐼1 . 
Proposition 6.15 : The ℎ(Χ12) is located in 𝐼4 . 
 Proof: The forbidden block of Χ12 is {00} , {01} and {10} so that for every 𝒮 ∈
Χ12 ,  𝒮𝑖 = 1 , 𝑖 ∈ ℤ  , therefore ℎ(Χ12)  ∉ 𝐼1 ∪ 𝐼2 ∪ 𝐼3  and so ℎ(Χ12) is located in 𝐼4 . 
Proposition 6.16  The ℎ(Χ13) , ℎ(Χ14) and ℎ(Χ16) are empty . 
Proposition 6.17 : The ℎ(Χ15) is located in 𝐼1 . 
 Proof: The forbidden block of Χ15 is {01} , {10} and {11} so that for every 𝒮 ∈
Χ15 ,  𝒮𝑖 = 0 , 𝑖 ∈ ℤ  , therefore ℎ(Χ15)  ∉ 𝐼2 ∪ 𝐼3 ∪ 𝐼4 and so ℎ(Χ15) is located in 𝐼1 . 
 
 Let Μ1 = ⋃ 𝐼𝑗
4
𝑗=1  , Μ2 = 𝐼2 ∪ 𝐼3 ∪ 𝐼4 , Μ3 = 𝐼1 ∪ 𝐼3 ∪ 𝐼4 , Μ4 = 𝐼1 ∪ 𝐼2 ∪ 𝐼4 , 
Μ5 = 𝐼1 ∪ 𝐼2 ∪ 𝐼3 , Μ6 = 𝐼4 , Μ7 = 𝐼2 ∪ 𝐼4 , Μ8 = 𝐼2 ∪ 𝐼3 , Μ9 = 𝐼1 ∪ 𝐼4 , Μ10 =
𝐼1 ∪ 𝐼3 , Μ11 = 𝐼1. 
7. Some Chaotic Properties of the Shift Map 
Theorem 7.1 : 
Let the map 𝜎: Χ𝑖 → Χ𝑖 , 𝑖 = {2,5} is ℎ − conjugate to the map F: Μ𝑖 →
Μ𝑖 , 𝑖 = {2,5} , and 𝜎 has chaotic map in sense of Devaney , topologically mixing , 
totally transitive , weakly blending , strongly blending and locally everywhere onto 
then so F . 
Proof:  
To prove the set of periodic points in Μ𝑖 , 𝑖 = {2,5} is dense , let 𝕌 be any 
open set of Μ𝑖 , 𝑖 = {2,5} and since that 𝜎  ℎ −conjugates F , then ℎ
−1(𝕌) is an open 
set of Χ𝑖 , 𝑖 = {2,5} and thus must contain a 𝑝 −periodic point 𝒮 ∈ Χ𝑖 , 𝑖 = {2,5} . 
Since 𝒮 = 𝜎𝑝(𝒮) , so that ℎ(𝒮) = ℎ(𝜎𝑝(𝒮)) = (F)𝑝(ℎ(𝒮)) . So  ℎ(𝒮) is a 
𝑝 −periodic point of F . Furthermore , ℎ(𝒮) ∈ ℎ(ℎ−1(𝕌)) = 𝕌 , and therefore the set 
of periodic points are dense in Μ𝑖 , 𝑖 = {2,5} . To prove F has locally everywhere onto 
, let 𝕌 be any open set in Μ𝑖 , 𝑖 = {2,5} then ℎ
−1(𝕌) is an open set of Χ𝑖 , 𝑖 = {2,5} . 
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Since 𝜎 is locally everywhere onto , there exists a positive integer 𝑛 such that 
𝜎𝑛(ℎ−1(𝕌)) = Χ𝑖 , 𝑖 = {2,5} , so that ℎ (𝜎
𝑛(ℎ−1(𝕌))) = (F)𝑛 (ℎ(ℎ−1(𝕌))) =
(F)𝑛(𝕌) . Since ℎ is one to one and onto then (F)𝑛(𝕌) = Μ𝑖 , 𝑖 = {2,5} , So F has 
locally everywhere onto .Since F has locally everywhere onto then it is transitive 
,topologically mixing , totally transitive, weakly blending and strongly blending . 
Also since Fhas dense periodic point and transitive then it is SDIC and F has Devaney 
chaotic .                         ■  
Theorem 7.2 :  
Let the map 𝜎: Χ𝑖 → Χ𝑖 , 𝑖 = {3,4,6,11,12,15} is ℎ − conjugate to the map 
F: Μ𝑖 → Μ𝑖 , 𝑖 = {3,4,6,11} ,so that F is stable . 
Theorem 7.3 : 
Let the map 𝜎: Χ𝑖 → Χ𝑖 , 𝑖 = {7,10} is ℎ − conjugate to the map F: Μ𝑖 →
Μ𝑖 , 𝑖 = {7,10} , so that F has weakly blending and strongly blending . 
Proof: 
 It is sufficient to prove F has strongly blending . Let 𝕌 and 𝕍 be two open sets 
in Μ𝑖 , 𝑖 = {7,10} . Since 𝜎 has weakly blending and strongly blending then ℎ
−1(𝕌) 
and ℎ−1(𝕍) are open sets of Χ𝑖 , 𝑖 = {7,10} and thus 𝜎
𝑛(ℎ−1(𝕌)) ∩ 𝜎𝑛(ℎ−1(𝕍)) 
contains an open set , so  
                                                     ℎ (𝜎𝑛(ℎ−1(𝕌))) ∩ ℎ (𝜎𝑛(ℎ−1(𝕍)))  
                                                   = (F)𝑛 (ℎ(ℎ−1(𝕌))) ∩ (F)𝑛 (ℎ(ℎ−1(𝕍))) 
                                                    = (F)𝑛(𝕌) ∩ (F)𝑛(𝕍) contains an open set also . 
Hence F has weakly blending and strongly blending .                       ■ 
Theorem 7.4 : 
Let the map 𝜎: Χ8 → Χ8  is ℎ − conjugate to the map F: Μ8 → Μ8 ,  than F is 
chaotic map in sense of Devaney . 
Proof:  
To prove that F is chaotic , we first prove that it is transitive . Let 𝕌 and 𝕍 be 
two open sets in Μ8 and suppose that F  ℎ − conjugates  𝜎 , then ℎ(𝕌) and ℎ(𝕍) are 
open sets in Χ8 . Since 𝜎 is transitive , there exists 𝑛 ∈ ℤ
+ such that 𝜎𝑛(ℎ(𝕌)) ∩
ℎ(𝕍) ≠ ∅ . Hence ℎ((F)𝑛(𝕌)) ∩ ℎ(𝕍) ≠ ∅ , so (F)𝑛(𝕌) ∩ 𝕍 ≠ ∅ . Hence F  is 
transitive . 
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 To prove that the set of periodic points are dense in Μ8 . , let 𝕌 be any open 
set of Μ8 and since that 𝜎  ℎ −conjugates F , then ℎ
−1(𝕌) is an open set of Χ8 so there 
is a 𝑝 −periodic point 𝒮 ∈ Χ8 . Since 𝒮 = 𝜎
𝑝(𝒮) , so that ℎ(𝒮) = ℎ(𝜎𝑝(𝒮)) =
(F)𝑝(ℎ(𝒮)) . So  ℎ(𝒮) is a 𝑝 −periodic point of F . Furthermore , ℎ(𝒮) ∈
ℎ(ℎ−1(𝕌)) = 𝕌 , and therefore the set of periodic points are dense in Μ8 , so that F is 
Devaney chaotic .                     ■ 
Theorem 7.5 : 
Let the map 𝜎: Χ9 → Χ9  is ℎ − conjugate to the map F: Μ9 → Μ9 , then F has 
dense periodic points and has SDIC . 
Proof:  
By the same technique used in the previous proof , so that F has dense periodic 
points. To prove SDIC , let 𝛿 > 0 and 𝒮 ∈ Μ9 and Ν is neighborhood of 𝒮 , ∃  𝒯 ∈ Ν 
and suppose that F  ℎ − conjugates  𝜎 , then ℎ(𝒮) ∈ Χ9  and ℎ(Ν) is neighborhood of 
ℎ(𝒮) . Since Χ9  is SDIC then for all 𝑛 > 0 , 𝑑 (𝜎
𝑛(ℎ(𝒮)), 𝜎𝑛(ℎ(𝒯))) > 𝛿1 , hence 
𝑑 (ℎ((F)𝑛(𝒮)), ℎ((F)𝑛( 𝒯))) > 𝛿1    , 𝑑 (ℎ
−1 (ℎ((F)𝑛(𝒮))) , ℎ−1 (ℎ((F)𝑛( 𝒯)))) >
𝛿1 . Consequently , 𝑑((F)
𝑛(𝒮), (F)𝑛( 𝒯)) > 𝛿 , so F is SDIC .               ■ 
Conclusions 
 The map F: Μ𝑖 → Μ𝑖 , 𝑖 = {2,5} has chaotic map in sense of Devaney , 
topologically mixing , totally transitive , weakly blending , strongly blending 
and locally everywhere onto . 
 The map F: Μ𝑖 → Μ𝑖 , 𝑖 = {3,4,6,11} , is stable . 
 The map F: Μ𝑖 → Μ𝑖 , 𝑖 = {7,10} has weakly blending and strongly blending . 
 The map F: Μ8 → Μ8 has chaotic in sense of Devaney . 
 The map F: Μ9 → Μ9 , has dense periodic points and has SDIC . 
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ةصلاخلا  
           لمعلا اذه يف ةفلتخملا ةيوضوفلا صئاصخلا ضعب انسرد ,فيحزتلا ةلاد ىلع برضلا ءاضفل نيب ايجولوبت اقفارت اندجوا .
 ءاضف ىلع ةسوردملا ةيوضوفلا صاوخلا لقنل ناصحلا ةودح ةلادو فيحزتلا ةلاد∑2  . 
 
ةلادلا تاملكلا : يجولوبتلا قفارتلا ؛ينيفيد ىضوف  زمم يجولوبت ؛ةوقب طلخ ؛ فيعض طلخ؛ ةدحاو ةوطخ يف فيحزتلا ؛ جو . 
 
